In this paper, we propose a method for estimating the Sobolev-type embedding constant from W 1,q ( ) to L p ( ) on a domain ⊂ R n (n = 2, 3, . . . ) with minimally smooth boundary (also known as a Lipschitz domain), where p ∈ (n/(n -1), ∞) and q = np/(n + p). We estimate the embedding constant by constructing an extension operator from W 1,q ( ) to W 1,q (R n ) and computing its operator norm. We also present some examples of estimating the embedding constant for certain domains.
Introduction
Let ⊂ R n (n = , , . . . ) be a domain with minimally smooth boundary (also known as a Lipschitz domain), the definition of which will be introduced in Definition .. We are concerned with a concrete value of a constant C p ( ) for the embedding W ,q ( ) → L p ( ),
i.e., C p ( ) satisfies
where p ∈ (n/(n -), ∞), q = np/(n + p), and the norm · W ,q ( ) denotes the σ -weighted W ,q norm defined as
for given σ > .
Since the Sobolev-type embedding theorems are important in studies on partial differential equations (PDEs), many studies have investigated such theorems and their applications, e.g., [-] . In particular, a concrete value of the embedding constant is indispensable for verified numerical computation and computer-assisted proof for PDEs; see, e.g., To estimate a concrete value of the embedding constant defined by (), we construct a linear and bounded operator E from W ,q ( ) to W ,q (R n ) such that (Eu)(x) = u(x) for all x ∈ , which is called an extension operator from W ,q ( ) to W ,q (R n ). We then estimate bounds for the operator norm A q ( ) of E satisfying The main contribution of this paper is to propose a formula that gives a concrete value of A q ( ) for the extension operator constructed by Stein's method. Stein first constructed an extension operator on the special Lipschitz domain and then expanded it to that on domains with minimally smooth boundary. In his method, the regularized distance plays an important role; it is a C ∞ function that approximates the distance from a given closed set S ⊂ R n to any point in its complement S c . Subsequent to the development of Stein's construction method, the regularized distance was generalized to a one-parameter family of smooth functions by Fraenkel [] . In this paper, we construct an extension operator using Stein's method with the generalized regularized distance to derive the embedding constant.
Preparation
Throughout this paper, the following notation is used:
is an open ball with center x and radius r ≥ ;
• for any point x = (x  , x  , . . . , x n ) ∈ R n and any p > , define
• for any set S ⊂ R n , S c is its complementary set, and S is its closure set;
• for any set S ⊂ R n and any ε > , define S ε := {x ∈ R n : B(x, ε) ⊂ S};
• for any point x ∈ R n and any set S ⊂ R n , define dist(x, S) := inf{|x -y| : y ∈ S};
• for any function f , supp f denotes the support of f ;
• for any function f over R, f denotes the ordinary derivative of f ;
• for any function f over R n (n = , , . . . ), ∂ x i f denotes the partial derivative of f with respect to the ith component
be the functional space of pth-power Lebesgue-integrable func-
For example, the function
becomes a mollifier, where c is chosen such that R n ρ(x) dx = . In the following lemma, the existence of a C ∞ function approximating Lipschitz continuous functions is guaranteed. 
Suppose that there is an open set G ⊂ R n such that f (x) >  for all x ∈ G. Then, for any given
Here, P α is a constant depending only on α.
We can find in the proof of Lemma . (see [] ) that one of the concrete values of P α can be derived as follows.
Lemma . Let ρ be the mollifier defined in (
where ρ  (y) := (n -)ρ * (|y|) + |y|ρ * (|y|).
By applying Lemma . to distance functions, the regularized distance for any closed set can be derived.
and
The function RD S,ξ is called the regularized distance from S.
Next, we introduce two types of open sets.
. . ) be a function satisfying the Lipschitz condition, i.e., for some M > ,
Then, is called a special Lipschitz domain if it is written as :
The positive number M in Definition . is called the Lipschitz constant of . Generalizing the special Lipschitz domain, the domain with minimally smooth boundary is defined as follows. 
Construction of extension operator
Here, we describe Stein's construction method for extension operators [] . Stein first constructed an extension operator on a special Lipschitz domain. He then expanded it to that on a domain with minimally smooth boundary. any p ∈ [, ∞), the operator E ,τ ,ξ , defined by
Extension operator on special Lipschitz domain
becomes the extension operator from
A concrete selection of the function ψ can be found in (). Note that since However, since the selection of τ and ξ affects the accuracy of estimation of the embedding constants, we do not fix them above. Their selection will be discussed later.
Extension operator on domain with minimally smooth boundary
Let be a domain with minimally smooth boundary. Let {U i } i∈N be the sequence as in Definition .. Let ε be a positive number such that U   ε i are not empty for all i ∈ N, and
for some i ∈ N. Let ρ be any given mollifier defined as in Definition ., and put
Let χ  , χ + , and χ -be the corresponding characteristic functions of U  , U + , and U -, respectively. Let λ
To each U i , there corresponds a special Lipschitz domain i as in Definition .. Let E i i ,τ ,ξ be the extension operator for each i constructed by (). For any k ∈ N  and any p ∈ [, ∞), the following operator E ,τ ,ξ ,ε becomes the extension operator from W k,p ( ) to
for all x ∈ R n .
Here, one can observe that
• the bounds of the derivatives of λ ε i are independent of i and depend only on the L  norm of the corresponding derivatives of Remark . In Stein's original construction method, ε >  is assumed to be sufficiently small [] . However, since the bounds for the derivatives of λ ε i increase as ε decreases, a small ε makes the norm of the corresponding extension operator large. Therefore, we should select the value of ε by taking this property into consideration. The selection of ε for concrete domains will be discussed in Section ..
Formula for estimating operator norm
Let us first present the following lemma, which gives bounds for the operator norm of the extension operator on special Lipschitz domains constructed by the method in Section ..
Lemma . For a special Lipschitz domain
respectively; -P corresponds to P α with |α| = ; -Q and B are defined as
is written in the form :
a Lipschitz continuous function φ : R n- → R, the Lipschitz constant of which is M .
Hereafter, for simplicity, we write u y = ∂ y u, g
Moreover, we have g
Now, recall that g
By changing the integration variable as τ (y -φ(x)) = w, we have
Hardy's inequality, which can be found in Lemma C., gives
Moreover, from the definition () of the extension operator we have
From () and () it follows that
where Q(= Q ,τ ,ξ ,p ) := pa ,τ ,ξ /{(p + )τ +/p }. Integrating both sides of () by x, we find that () holds for
Therefore, we have
From the similar discussion in the first step we have
On the other hand, for j ∈ {, , . . . , n -} and y < φ(x),
for s, t >  and p > , it follows from the similar discussion in
for j ∈ {, , . . . , n -}. From () and () we have
This ensures that inequality () holds for
The following formula enables us to estimate the operator norm A q ( ) for the extension operator on domains with minimally smooth boundary constructed by the method described in Section .
Theorem . For a domain ⊂ R
n (n = , , . . . ) with minimally smooth boundary, let E (= E ,τ ,ξ ,ε ) be the extension operator constructed by (). Then, letting γ be a given positive number, we have
with 
It is easily confirmed that |∂ x j ε -| is also bounded by b ε =: b -(we distinguish b + and b -to avoid confusion in the following proof ). Hereafter, we simply
where
From Lemma C., the first term of () is evaluated as
The second term of () is evaluated as
The first term of () is evaluated as
The first term of () is evaluated as
From these evaluations we have
Hence, inequality () holds for
The operator norm derived by Theorem . leads to bounds for the embedding constant as in the following corollary.
Corollary . For given n ∈ {, , . . . } and p ∈ (n/(n -), ∞), let T p be a constant satisfying
be a domain with minimally smooth boundary. Then,
with
Here, · W ,q ( ) denotes the σ -weighted W ,q norm () for given σ > , and A q ( ) is the upper bound of the operator norm derived by Theorem . with γ = σ /q .
Proof We have
for all u ∈ W ,q ( ).
Remark . The value A p ( ) derived by Theorem . monotonically decreases with ξ ∈ (, ). Moreover, A p ( ) → A p ( )| ξ = (ξ ↓ ). Therefore, A p ( )| ξ = +δ and C p ( )| ξ = +δ for any positive number δ become an upper bound of the norm of the extension operator E (defined by ()) and an upper bound of the embedding constant (satisfying ()), respectively, whereas the range of ξ is (, ).
is also important, especially for verified numerical computation and computer-assisted proof for PDEs summarized in, e.g., [-, ]. We can obtain a formula that gives a concrete value of C p ( ) with additional assumptions for and p (see Corollary D.).
Examples
In this section, we present some examples of estimating the embedding constant C p ( ) defined in () using Theorem . and Corollary .. Throughout this section, we set ρ as the mollifier defined in () and σ = .
Calculation of constants
The constants A  , A  , P, and b ε in Lemma . and Theorem . were numerically calculated. All computations were carried out on a computer with an Intel Core i  CPU (. GHz), . GB RAM, Windows , and MATLAB b. Since all the rounding errors were strictly estimated using INTLAB version  [], a toolbox for verified numerical computations, the accuracy of all results is mathematically guaranteed. The constants A  and A  can be respectively computed as
with the function ψ : R → R constructing the extension operator (), which satisfies property (). For example, the function
satisfies this property for any C ω > ; a simple proof can be seen in, e.g., [, ] . Table  lists values of A  and A  for some selections of C ω . We believe that C ω = . is a 'good' (albeit not optimal) selection for obtaining small A  and A  . Moreover, recall that b ε is a positive number satisfying
For the mollifier defined in (), the bounds for the integration in () are independent of the index j. Furthermore, one of the concrete values of P can be derived by () with the condition |α| = , i.e., it can be computed as
Using verified numerical computation, we derived the following estimation results:
for the case of n = .
Examples of estimating the embedding constant
Here, we present estimation results for the following two concrete domains:
Example A Let ⊂ R  be the domain as in Figure  (a). We set {U i } i∈N as follows: we first defined the two sets among U i as in Figure  where is the gamma function.
From Lemma A. and Theorem B. the following corollary immediately follows. 
